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Abstract
In this paper a simple proof for the following theorem, due to Luxemburg and Zaanen is given: an
Archimedean vector lattice A is Dedekind σ -complete if and only if A has the principal projection prop-
erty and A is uniformly complete. As an application, we give a new and short proof for the following
version of Freudenthal’s spectral theorem: let A be a uniformly complete vector lattice with the princi-
pal projection property and let 0 < u ∈ A. For any element w in A such that 0  w  u there exists a
sequence {sn: n = 1,2, . . .} in A which satisfies 0  sn ↗ w (u), where each element sn is of the form∑k
i=1 αipi , with real numbers α1, . . . , αk such that 0  αi  1 (i = 1, . . . , k) and mutually disjoint com-
ponents p1, . . . , pk of u.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Basically disconnected; Dedekind σ -complete vector lattice; Principal projection property
1. Introduction
It is shown by Luxemburg and Zaanen in [4, Theorem 42.5] that an Archimedean vector
lattice A is Dedekind σ -complete if and only if A has the principal projection property and A is
uniformly complete. The main tool in their proof is the Freudenthal’s spectral theorem. Hence
their proof is however long, quite involved and far from elementary. It is the purpose of the
present paper to give another elegant and short proof of the mentioned result. Our approach is to
avoid the Freudenthal’s spectral theorem. As an application, we give a new and short proof for
the following version of Freudenthal’s spectral theorem [4, Theorem 40.2]: let A be a uniformly
complete vector lattice with the principal projection property and let 0 < u ∈ A. For any element
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0 sn ↗ w (u), where each element sn is of the form∑ki=1 αipi , with real numbers α1, . . . , αk
such that 0 αi  1 (i = 1, . . . , k) and mutually disjoint components p1, . . . , pk of u. The proof
is to use the famous M.H. Stone theorem [5, Theorem 7.3] and the theory of continuous functions.
We take it for granted that the reader is familiar with the notions of vector lattices (or Riesz
spaces) and operators between them. For terminology, notations and concepts that are not ex-
plained in this paper we refer to the standard monographs [1,2,4–6].
2. Definitions and notations
We shall assume throughout this paper that all vector lattices (or Riesz spaces) under consid-
eration are Archimedean.
Let A be a vector lattice, let 0 v ∈ A, the sequence {an: n = 1,2, . . .} in A is called (v) rela-
tively uniformly convergent to a ∈ A if for every real number ε > 0, there exists a natural number
nε such that |an − a| εv for all n nε . This will be denoted by an → a (v). If an → a (v) for
some 0 v ∈ A, then the sequence {an: n = 1,2, . . .} is called (relatively) uniformly convergent
to a, which is denoted by an → a (r.u). The notion of (v) (relatively) uniformly Cauchy sequence
is defined in the obvious way. A vector lattice is called (relatively) uniformly complete if every
relatively uniformly Cauchy sequence in A has a unique limit. Relatively uniformly limits are
unique if A is Archimedean.
Let (p, e) ∈ A×A. The element p is called component of e whenever p and e−p are disjoint,
i.e., p ∧ (e − p) = 0.
We end this section with the following definitions. A vector lattice A is called Dedekind
σ -complete if every nonempty at most countable subset of A which is bounded from above has a
supremum. A vector lattice A is said to have the principal projection property if every principal
band in A is a projection band.
3. The main results
Before we pass to the details, we first refresh the memory. Recall that a topological space X
is called basically disconnected (or quasi-Stonian) if every cozero set has an open closure.
To reach our aim, we need the following result (which is the pivot of the paper) which states
that if X is a compact Hausdorff space, then the vector lattice C(X) is Dedekind σ -complete
if and only if X is basically disconnected. For details see [5, Proposition 7.7] or [3, Exercise 3,
N5].
Theorem 1 (Luxemburg and Zaanen). Let A be a vector lattice. Then A is Dedekind σ -complete
if and only if A has the principal projection property and A is uniformly complete.
Proof. By the famous main theorem inclusion [4, Theorem 25.1], we deduce immediately that
if A is Dedekind σ -complete then A has the principal projection property and A is uniformly
complete.
Now assume conversely that A is uniformly complete which has the principal projection prop-
erty. To reach our aim, it is sufficient to prove that every principal order ideal of A is Dedekind
σ -complete. To this end, let 0 u ∈ A. Then by the representation theorem of Kakutani [5, The-
orem 7.4], the principal order ideal Iu can be identified with the vector lattice C(X), for some
compact Hausdorff space X. Hence it remains to show that X is basically disconnected.
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(g1, g2) ∈ C(X) × C(X) such that χX = g1 + g2 and g1 ∈ {f }d , g2 ∈ {f }dd . Then there ex-
ists two disjoint open and closed subsets X1 and X2 of X such that g1 = χX1 and g2 = χX2 .
Hence {f }d = {g1}dd and {f }dd = {g2}dd . We intend to prove that cozero(f ) = X2. The proof
is by contradiction. It is obvious that cozero(f ) ⊂ X2. Suppose now that cozero(f )  X2. Let
x0 ∈ X2 \ cozero(f ). Since {x0} and cozero(f ) are two disjoint closed subsets of the compact
Hausdorff X2, it follows that there exists 0 h0 ∈ C(X2) ⊂ {g2}dd = {f }dd such that h0(x0) = 1
and h0(x) = 0 for all x ∈ cozero(f ). Let V0 be the open subset h−10 ( ]0,2[ ) (which contains x0)
of X2. Thus V0 ∩ cozero(f ) = ∅. Using the same argument and since X2 is a compact Haus-
dorff space, there exist x0, . . . , xn ∈ X2 \ cozero(f ), 0  h0, . . . , hn ∈ C(X2) and V0, . . . , Vn
open neighborhoods of x0, . . . , xn respectively such that 0 < hi(Vi) < 2 and hi(x) = 0 for all
x ∈ cozero(f ), for all i = 1,2, . . . , n and
X2 =
n⋃
i=0
Vi ∪ cozero(f ).
Let h = h0 + · · · + hn = 0. Then h ∈ {f }dd . Moreover, (h ∧ f )(x) = 0 for all x ∈ cozero(f ).
Now since Vi ∩ cozero(f ) = ∅, for all i = 1,2, . . . , n, it follows that f (x) = 0 for all ⋃ni=0 Vi
and then (h ∧ f )(x) = 0 for all x ∈ ⋃ni=0 Vi . Hence h ∧ f = 0, so h ∈ {f }d . Contradiction and
we are done. 
Remark 1. We note that in the above proof, we have not used the Freudenthal’s spectral theorem.
As an application, we give a new and short proof for the following version of Freudenthal’s
spectral theorem [4, Theorem 40.2].
Theorem 2. Let A be a uniformly complete vector lattice with the principal projection prop-
erty and let 0 < u ∈ A. For any element w in A such that 0  w  u there exists a sequence
{sn: n = 1,2, . . .} in A which satisfies 0  sn ↗ w (u), where each element sn is of the form∑k
i=1 αipi , with real numbers α1, . . . , αk such that 0 αi  1 (i = 1, . . . , k) and mutually dis-
joint components p1, . . . , pk of u.
Proof. Firstly we note by the previous theorem that A is Dedekind σ -complete. Moreover, by
the representation theorem of Kakutani [5, Proposition 7.2 and Theorem 7.4], the principal order
ideal Iu can be identified with the vector lattice C(X), for some basically disconnected compact
Hausdorff space X. In addition C(X) is a Banach vector lattice with respect to norm given by
the gauge function of [−u,u]:
Pu(x) = inf{λ ∈ R+, −λu x  λu} (x ∈ Iu).
Let L = {f ∈ C(X), f (X) is a finite subset of R}. According to the famous M.H. Stone theorem
[5, Theorem 7.3], L is a dense vector sublattice of the Banach vector lattice (C(X),Pu). Since
0  w  u, it follows that there exists a sequence {sn: n = 1,2, . . .} in L such that 0  sn →
w (u). By the fact L is a vector sublattice of C(X) and by the Birkhoff’s inequality (see [4,
Theorem 12.4]), we can assume that 0 sn ↗ w (u).
Finally it is routine to prove that 0  f ∈ L if and only if there exist k ∈ N, X1, . . . ,Xk
mutually disjoint open and closed subsets of X and positive real numbers α1, . . . , αk such that
1234 M.A. Toumi / J. Math. Anal. Appl. 322 (2006) 1231–1234f =∑ki=1 αiχXi . Moreover, since 0  sn  u = χX , it follows that 0  αi  1 (i = 1, . . . , k).
Hence it is sufficient to take χXi = pi , which gives the desired result. 
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